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Spin filter using a semiconductor quantum ring side-coupled to a quantum wire
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We introduce a new spin filter based on spin-resolved Fano resonances due to spin-split levels in
a quantum ring (QR) side-coupled to a quantum wire (QW). Spin-orbit coupling inside the QR,
together with external magnetic fields, induces spin splitting, and the Fano resonances due to the
spin-split levels result in perfect or considerable suppression of the transport of either spin direction.
Using the numerical renormalization group method, we find that the Coulomb interaction in the
QR enhances the spin filter operation by widening the separation between dips in conductances for
different spins and by allowing perfect blocking for one spin direction and perfect transmission for
the other. The spin-filter effect persists as long as the temperature is less than the broadening of
QR levels due to the QW-QR coupling. We discuss realistic conditions for the QR-based spin filter
and its advantages to other similar devices.
PACS numbers: 85.75.-d, 71.70.Ej, 73.23.Hk, 05.10.Cc
Introduction.— Spintronics [1] that utilizes the elec-
tron’s spin degree of freedom rather than its charge for
information processing and storage has been a subject
of intense interest in recent decades. The practical real-
ization of spin-based electronic circuits requires the de-
velopment of efficient means to generate spin-polarized
currents, and to manipulate and detect spins. Spin fil-
ters that block the transport of one spin direction have
been proposed as a device to generate and detect spin
currents [2]. The basic scheme of a spin filter exploits
spin-dependent transport through systems lacking time-
reversal symmetry or having nontrivial geometric struc-
tures with spin-dependent interactions; such systems in-
clude ferromagnetic junctions [2], and nanostructures like
quantum dots [3] (QD’s) and rings [4, 5].
A simple but effective spin-filter implementation with-
out coupling to magnetic materials has been suggested
to exploit the spin-dependent resonance through a QD
with Zeeman splitting that is embedded [3] in, or side-
coupled [6, 7] to a quantum wire (QW). While in both
cases the spin-dependent transport is based on scatter-
ing from spin-split QD levels and can be tuned by varying
the gate voltage or the external magnetic field, the side-
coupled configuration is more effective because the Fano
resonance in this case can lead to perfect blocking of one
spin direction and almost total transmission of the other.
Side-coupled QD systems show two dips corresponding to
the total suppression in the conductance of spin up and
down [6, 7]. Since such spin filtering deteriorates rapidly
with increasing temperature T , however, an ideal opera-
tion of the device requires large magnetic fields B or high
g-factors such that gµBB ≫ kBT, kBTK where µB is the
Bohr magneton and TK is the Kondo temperature [7].
Recently, quantum rings (QR’s) with Rashba spin-
orbit coupling have been proposed for spin injection
devices [5]. Spin precession due to the momentum-
dependent effective magnetic field and the following spin
interference of two quantum states propagating in op-
posite directions can not only modulate the charge con-
ductance [8] but also induce spin currents through leads
attached to the ring [5]. When an unpolarized charge
current is injected through one of leads, quantum inter-
ference can produce pure spin currents through one of
other leads. However, this interference-based spin-filter
operation requires more than two leads to be linked to
different positions of the QR.
In this Letter we propose another kind of spin filter
that consists of a QR side-coupled to a QW; see Fig. 1(a).
Spin-resolved Fano resonances due to spin-split levels
formed in the QR in the presence of Rashba spin-orbit
coupling and external magnetic fields [9] lead to a com-
plete suppression of transport of either spin component
at a set of gate voltage values, resulting in a series of val-
leys in the spin-resolved conductance. The separations
between valleys are observed to be of the order of the
Coulomb interaction energy. This QR-based spin filter
has three advantages: (1) It does not require strong mag-
netic fields and high g-factors like the QD-based system.
In the presence of spin-orbit coupling, a weak magnetic
field applied to a small QR [10] can induce a large energy
splitting between spin levels because it is the magnetic
flux that causes the level splitting in the ring geometry.
(2) Only a single contact of the QR to the external circuit
such as leads or wires is necessary. (3) Finally, on-board
tuning of polarization direction of spin currents is possi-
ble via the control of spin-orbit coupling strength.
Model.— First, we examine the energy level structure
of a non-interacting QR with Rashba spin-orbit coupling
in the presence of an external magnetic field. In the ideal
one-dimensional limit where the radial width is much
smaller than the radius R, only the lowest radial sub-
band is occupied [11], and the effective Hamiltonian pro-
jected to the lowest radial mode can be written in polar
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FIG. 1: (a) Schematic view of a quantum ring side-coupled to
a quantum wire. Both systems are described by tight-binding
models. The number of sites in the quantum ring is NR; in
our study the limit NR → ∞ is taken. (b) Energy spectrum
of a non-interacting QR as a function of the magnetic field B
or the corresponding flux f threading the QR with a radius
R = 120nm. The dotted and solid lines correspond to spin
index µ = + and − levels, respectively. Here, the material
parameters for GaAs are taken such that m = 0.067me and
α = 0.53× 10−11eVm in which case 2/| cos θ| = 3.
coordinates [9]
HRN =
~
2
2mR2
(
i
∂
∂φ
+ f
)2
−
α
2R
{σ · rˆ, i
∂
∂φ
+ f}, (1)
where m is the effective electron mass, σ the Pauli ma-
trices, rˆ a unit vector in radial direction, and {A,B} =
AB+BA. The energy of the radial mode is omitted. The
spin-orbit coupling strength α defines the spin-flip length
lso ≡ π~
2/mα, and the external magnetic field induces
the normalized magnetic flux f ≡ πBR2/Φ0 threading
the ring; Φ0 = hc/e is the flux quantum. The Zeeman
splitting can be ignored compared to the kinetic energy
E0 ≡ ~
2/2mR2 as long as 1≫ gµBB/E0 = g(m/me)f is
well satisfied; this holds in usual semiconducting materi-
als with f . 1. Following the standard procedure [12],
one can set up the tight-binding version of the Hamilto-
nian in terms of spin-µ electron operators anµ, a
†
nµ de-
fined at site n of the QR, and the tight-binding Hamil-
tonian can be diagonalized through the Fourier transfor-
mation such that
HRN =
NR∑
m=1
∑
µ=±
ǫmµd
†
mµdmµ. (2)
The operator d†mµ creates an electron in orbital mode m
and with spin index µ having space-dependent polariza-
tion nˆ = zˆ cos θ + rˆ sin θ that does not depend on the
orbital index m due to the assumption that the Zeeman
splitting is negligible [9]. In the limit NR → ∞, the
eigenenergy ǫmµ is given by
ǫmµ = E0
[(
m+f−
1
2
+
µ
2 cos θ
)2
+
1
4
(
1−
1
cos2 θ
)]
(3)
with the polarization angle θ = arctan [−Nso], where
Nso ≡ 2πR/lso is the number of spin flips around the
ring. The resulting energy spectrum is periodic not only
in f but also in 1/2 cos θ (excluding the overall shift due
to the last term in Eq. (3)). Moreover, the energy gaps
between neighboring spin-split levels reach their max-
ima whenever 1/2| cos θ| = (2l + 1)/4, whereas the spin-
splitting disappears at 1/2| cos θ| = l/2, for integer l > 1.
Throughout our Letter 2/| cos θ| is assumed to be an odd
integer to maximize the spin-splitting. Figure 1(b) shows
the energy spectrum for realistic material parameters for
GaAs. The ring size is taken to be R = 120nm, which
is feasible using current fabrication technology [10]. The
spectrum shows that a small magnetic field < 50mT is
enough to induce a spin-splitting energy gap comparable
to 1 to 3K. This large splitting that exists even in the ab-
sence of a strong external magnetic field definitely makes
the QR a good candidate for ideal spin filter operation.
To take into account the electron-electron Coulomb
interaction in the small QR, we adopt a simple ca-
pacitive model where the Coulomb interaction de-
pends only on the total number of electrons: HRI =
(U/2)
[
N2 − 2NgN
]
with N≡
∑
mµ d
†
mµdmµ. Here U ≡
e2/(C + Cg) and Ng ≡ CgV/|e| denote the interaction
strength and the gate charge (in units of |e|), respec-
tively, in terms of self and gate capacitances, C and Cg.
The total Hamiltonian for a QR side-coupled to a QW
can then be written as
H = HRN +HRI +HW +HWR (4)
with HW = −tw
∑
nµ(c
†
n+1µcnµ + h.c.) and HWR =
twr
∑
µ(c
†
0µaNRµ + h.c.), where the operators cnµ (c
†
nµ)
destroys (creates) an electron with spin index µ at site
n of the wire. HW models the QW as an infinite tight-
binding chain with a hopping energy tw between neigh-
boring sites, andHWR a spin-independent tunneling with
strength twr between site 0 of the wire and site NR of the
ring. Note that the spin quantization axis for the QW
has been rotated to align with the spin axis at site NR
of the QR, nˆ at rˆ = xˆ.
Spin filter.—We have calculated the zero-bias conduc-
tance Gµ for spin µ at the Fermi level ǫF = 0 under the
assumption that two electron reservoirs with nearly the
same chemical potentials are attached at both ends of
the QW [13]. The non-equilibrium scattering formalism
[14] enables us to express the conductance in terms of the
Green’s function GRµ (ǫ) for a spin-µ electron at site 0 of
the QW:
Gµ =
e2
h
∫
dǫ
∂f(ǫ)
∂ǫ
ImΓ(ǫ)GRµ (ǫ) . (5)
Here, f(ǫ) is the Fermi distribution function with ǫF = 0
and the symmetric coupling Γ(ǫ) of site 0 to the left and
right sides of the QW is given by Γ(ǫ) = (2tw/~) sinχw(ǫ)
with χw(ǫ) ≡ arccos[−ǫ/2tw]. In the non-interacting case
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FIG. 2: (Color online) Net spin conductance ∆G as a func-
tion of gate voltage UNg and magnetic flux f in the non-
interacting case at zero temperature. The plus and minus
signs indicate the sign of ∆G and are assumed to be repeated
periodically along the UNg axis. Here we have used the same
QR parameter values as in Fig. 1(b) and set tw = 5meV,
twr = 0.4meV. The right and bottom figures show the
spin-resolved conductances G+ (dotted) and G− (solid) taken
along the dashed lines in the main figure.
(C ≪ Cg and U ≈ 0), by solving the Dyson equation for
GRµ , we obtain the spin-dependent transmission proba-
bility Tµ(ǫ) = − ImΓ(ǫ)G
R
µ (ǫ) = 1/(1 + [Qµ(ǫ)]
2) with
Qµ(ǫ) ≡ Γ(ǫ)
−1(twr/~)
2
∑
m g
R
mµ(ǫ) = ∆(ǫ)
∑
m 1/(ǫ −
ǫmµ), where g
R
mµ is the Green’s function for the uncoupled
QR and ∆(ǫ) ≡ t2wr/~Γ(ǫ) is the level broadening due to
the QW-QR coupling. Since Qµ diverges at ǫ = ǫmµ,
the transmission probability Tµ vanishes whenever a res-
onant state with spin µ is formed in the QR, giving rise
to perfect suppression of the transport of spin-µ elec-
trons. Note that this blocking condition is independent
of any characteristics of the wire. Figure 2 shows the
formation of a series of spin-split dips in the zero-bias
conductances Gµ as functions of the gate voltage at zero
temperature. The width of the valleys is restricted by
the minimum of the energy splitting between neighbor-
ing levels and the level broadening ∆(ǫF ). The spin-
dependent conductance can also be controlled by varying
the flux f . The condition for total transmission (Tµ = 1),
sin 2π
√
(ǫF − UNg)/E0 = 0, does not depend on spin,
thus the peak positions in Gµ are the same for both spins.
This spin-dependent transmission generates a net spin
flow through the wire: ∆G ≡ G+−G− = (e
2/h)([Q−]
2−
[Q+]
2)/[(1+[Q+]
2)(1+[Q−]
2)] at zero temperature. The
net spin conductance ∆G has local maxima or minima
whenever one of the Qµ diverges; see Fig. 2. The peak
height in |∆G| reaches almost the maximum value e2/h if
the spin splitting δǫ is larger than the broadening ∆(ǫF ),
in which case the unblocked states with opposite spin
are transmitted almost copmletely. The ideal operation
of the spin filter, therefore, requires δǫ≫ ∆(ǫF ). In addi-
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FIG. 3: (Color online) Net spin conductance ∆G as a func-
tion of gate charge Ng and magnetic flux f in the interacting
case with U = 0.5meV. Lower figures show spin-resolved
conductances G± for f = 0 and 1/4, respectively. The same
plot styles and parameter values as in Fig. 2 are used. For
f = 1/4, the conductances (blue lines) with a larger coupling
twr = 0.8meV are also shown.
tion, to avoid temperature-induced broadening through
Eq. (5), both the spin splitting and the broadening should
be larger than the temperature T as well. Interestingly,
at f = 1/4, |∆G| reaches e2/h at its peaks regardless
of UNg, implying perfect blocking for one spin direction
and perfect transmission for the other. Also, the peak
widths are maximal at f = 1/4. This is related to the
appearance of degenerate levels with the same spin at
f = 1/4 [see Fig. 1(b)], which merges two peaks sepa-
rated at f 6= 1/4 into one peak and strengthens the Fano
resonances with broader width. This observation indi-
cates that the best performance of the spin filter can be
achieved at f = 1/4.
It should be noted that the polarization direction
nˆ = zˆ cos θ + xˆ sin θ of the spin current can be rotated
by tuning the strength of the spin-orbit coupling, which
should be still adjusted to satisfy the odd-integer condi-
tion of 2/| cos θ| to achieve the maximal separation be-
tween spin-split levels. If the spin current is measured
along a direction nˆ′ other than nˆ, the net spin current
decreases via ∆G|nˆ′ = ∆G|nˆ cos ζ, where ζ is the relative
angle between nˆ and nˆ′.
Coulomb interaction.— We now turn on the self-
charging interaction in the QR with moderate values of
U and investigate its effect on the transport at finite tem-
peratures. The numerical renormalization group method,
proven to be an excellent numerical tool for Anderson-
type impurity systems, was applied to calculate the spin-
resolved local density of states ρµ(ǫ) on site NR of the
ring. The transmission amplitude can then be calculated
using the Dyson equation: Tµ(ǫ) = 1− π∆(ǫ)ρµ(ǫ).
Figure 3 shows the dependence of the zero-temperature
conductancesGµ and ∆G on magnetic flux and gate volt-
age which has been tuned to such large values that high
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FIG. 4: (Color online) Finite-temperature conductance G−
for f = 1/4. The temperatures are given by kBT1 =
0.13∆(ǫF ), kBT2 = ∆(ǫF ), and kBT3 = 8.1∆(ǫF ). (a)
twr = 0.4meV and ∆(ǫF ) = 0.016meV. (b) twr = 0.8meV
and ∆(ǫF ) = 0.064meV. Other parameters as in Fig. 3.
QR levels with δǫ ≫ ∆(ǫF ) contribute to the transport:
the dips in conductance correspond to the QR levels with
m = 13 and 14. At f = 0 the correlation between spin-
degenerate QR levels and QW conduction electrons in-
duces the Kondo effect whenever the QR contains an odd
number of electrons. As a consequence, the Fano res-
onance due to the resultant effective resonant level at
the Fermi level suppresses the charge transport regard-
less of the spin direction [15]. Each broad valley in Gµ
at f = 0, however, splits into two spin-dependent sharp
dips as the spin-splitting δǫ due to finite magnetic field
(f 6= 0) becomes larger than the Kondo temperature TK .
The Coulomb repulsion widens the separations between
dips in Gµ or ∆G, which is now of the order of U [6, 7],
or O(1) in terms of Ng even at f = 1/4, while the width
of valleys, still of the order of ∆(ǫF ), is not affected. As
long as U > ∆(ǫF ), the broadened separation due to the
Coulomb interaction contributes toward perfect spin fil-
tering at f 6= 1/4. As in the non-interacting case, the
dip width increases as f goes to 1/4. For large QW-QR
coupling, but still δǫ > ∆(ǫF ), the valleys can overlap,
opening wide gate-voltage windows for inducing a finite
spin current; see the uppermost figure in Fig. 3. Larger
coupling with δǫ ≤ ∆(ǫF ), however, leads to concurrent
suppression of both spins and smaller net spin current.
Thermal fluctuations diminish the resonance-based
suppression as soon as kBT & ∆(ǫF ); see Fig. 4. First,
thermal broadening in the QW, via the smoothened peak
in ∂f/∂ǫ, obscures the resonance as the temperature be-
comes comparable to the resonance width in ρµ(ǫ), or
the broadening ∆(ǫF ). Second, thermal fluctuations in-
voke transitions between QR levels that also weaken the
resonance and consequently diminish the peak height in
ρµ(ǫ). The rapid degradation of the spin filter effect at
kBT ≈ ∆(ǫF ) can be attributed to these thermal fluc-
tuations. Consequently, our system will show ideal spin-
filter operation if kBT ≪ ∆(ǫF )≪ δǫ. Since kBTK ≪ δǫ
in most cases with f ≥ 0.1, the Kondo temperature is
irrelevant in spin filtering.
Discussion.— If the ring width is not narrow compared
to the radius, higher radial modes will contribute to the
transport. While the large energy gap between radial
modes prohibits the direct excitation to higher modes at
low temperatures, the spin can experience dephasing or
relaxation due to the spin-orbit interaction that couples
different radial modes with opposite spins [9]. Also, non-
magnetic impurity scattering in such a thick ring with
spin-orbit coupling can smear out the spin filtering.
Conclusions.— Our spin filter takes advantage of two
ingredients: (1) the relatively large spin-splitting in a
small QR with Rashba spin-orbit coupling and (2) the
Fano resonances due to the spin-split levels in the QR
that is side-coupled to a QW with one conduction chan-
nel. We predict perfect or considerable suppression of
the transport of either of spin direction under real ex-
perimental conditions that are accessible using current
technology.
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